Much attention has been focused on strategies for reducing energy consumption in residential, commercial and industrial buildings due to rapidly rising costs of heating and cooling. A great deal of work has been done and many methods have been developed to obtain energy consumption loads for buildings. Some works (Mitalas et al., 1967 (Mitalas et al., , 1968 use the transfer function approach for calculating Maria, California) show a high comfort level. Houses using proportional control experience a higher comfort level in comparison to houses using on-off control. The result shows that there is an effect of mass on the thermal performance of a heavily constructed house in mild weather conditions.
temperature difference and investigates the effect of varied thermostat settings on fuel consumption.
Their results show that lowering the set-point temperature overnight saves fuel. Crall et al. (1995) use computer simulation to calculate building heating load. The results of this study clearly demonstrate that it is possible, given certain basic data on a building and the details of its environmental control system, to determine accurately the energy requirements for heating and cooling.
A computer model for simulating heat flow by conduction through walls and roofs is developed based on the transmission matrix method (Buffington, 1995) Articles , Hopkins et al., 1979 , Rudoy et al., 1979 investigate which construction materials consume less energy under varying climatic conditions. It has been postulated that, as mass is added to the building envelope, the thermal resistances of the building envelope can be reduced without changing annual heating requirements of the building (Goodwin et al., 1979) . Mass is more effective in reducing heating requirements for buildings located in warmer areas where the heat loss relative to the heat gain is low. The mass effect also decreases cooling loads.
Similar results are obtained by . His group recently conducted experiments on six test buildings in Gaithersburg, MO. These buildings were instrumented to measure heating and cooling loads, and indoor comfort. They focus on the effect of different construction materials in determining the energy consumption load.
All of these studies are deficient in one or more ways. The experimental studies exhibit a very small savings due to mass, of the same magnitude as the effect of solar radiation absorbed by and transmitted through the walls. The analytical studies do not include a realistic model of the energy plant.
The main purpose of this study is to develop a method from a rigorous mathematical basis to analyze the wall temperature profile, the room air temperature, the energy consumption load, and the comfort level. The scope will include both heating and cooling. This study also investigates two widely used controllers (i.e. the on-off controller and the proportional controller) to assess the effect upon energy consumption.
Theoretical formulation
The formulation of an analytical method for obtaining wall temperature profile, room air temperature and energy consumption load is presented.
Four of the six houses studied by Burch et al. are modelled. Each test house is a 6.1m by 6.1m by 2.3m one-room house. The houses have identical floor plans and orientations and are identical except for wall construction, which is as follows: insulated lightweight wood frame; insulated masonry with outside mass; uninsulated masonry; and insulated masonry with inside mass. The details of the wall construction for each of the four houses are presented in Table 1 .
Weather data for four cities in the United States are used in this study. Twenty-four discrete data points calculated from TMY (Typical Meteorological Year) weather data files (1998) There may, in reality, be significant heat transfer through the building s roof and floor. However to render the problem amenable to analysis, it is assumed that a building s roof and a floor are well insulated and only a wall effect is considered.
For design purposes, only one south wall and a quarter of the total room air mass are considered.
Examining a south wall will be a reasonable assumption because the buildings modelled are all located in the northern hemisphere and the south wall will allow the effects of the solar flux in January and August to be studied.
The system is considered as one-dimensional. The Under this study there is no heat generation within the wall, and the energy balance, after some manipulation, yields:
Two corresponding boundary conditions to the above linear, second-order, partial differential equation are:
The initial condition for the wall temperature is expressed in polynomial form as:
Approximating the initial condition in polynomial form provides the initial condition whenever the auxiliary energy source is activated or deactivated. If the actual wall temperature profile were to be used condition, it would be impossible to obtain an analytical solution. Therefore, it is necessary to simplify the initial condition in a form which captures all essential information of the problem. Having a well-approximated initial condition, which is very close to the actual initial wall temperature profile, is important because the initial condition must be reset whenever the auxiliary energy source (Q) switches on and off.
The coefficients in equation (4) are determined as follows:
1) The actual wall temperature at x 0 is the same as T (0, t*) in equation (4), where t* is the time at which the controller function changes.
2) The actual wall temperature at x L is the same as T (L, t*) in equation (4). 3) Internal energy is conserved in the wall (proportional to the integral of the wall temperature from x 0 to x L).
Five equations are necessary to obtain the five coefficients, through . Three equations are explicit from the above three statements. Two more equations are formulated using the least-squares method (Gerald, 2005) .
where Yi represents the actual temperature data and yi represents the assumed profile for the initial condition, containing two unknown coefficients, a3 and a4.
A minimum of s is achieved through proper choice of the parameters a3 and a4. At the minimum of s, the two partial derivatives ∂s/∂a3 and ∂s/∂a4 are both zero.
The energy balance for the room air temperature including heat transfer from the inside surface of the wall, infiltration loss, and auxiliary heat input Q, is:
The parameters, h i, he, CA, CA and I are assumed constant.
The corresponding initial condition to equation (6) is as follows:
There exists a coupling between wall and room air temperatures, and the two sets of equations must be solved simultaneously.
Weather data for four cities in the United States are hourly values, xi (X is used for either temperature, direct normal horizontal radiation), are given as:
where Xij is the temperature at a given hour for each day of a particular month, read from TMY data files. In this expression, i indicates the hour and k indicates the particular month, and j varies over Nk --the total number of days in month k .
After obtaining monthly average hourly direct normal radiation and total horizontal radiation, Hence, the weather data input to the analytical model is finally represented in the following form:
where b0 weather data points and fitted data points based on equations (12) and (13) is excellent. combined resistance is calculated as:
where Rcom is the combined resistance of Ra and Rb, The rate of supply of heat produced by the proportional controller is modelled as proportional to the difference between the set-point temperature and the room air temperature as:
The non-dimensionalized variables are defined as:
where ____ T∞ is an average ambient temperature over a 24 hour period.
Equation (1) and boundary conditions, equations (2) and (3), and equation (6) for the room air temperature can be rearranged as follows:
The analytical solution is seen to include some important terms such as the Fourier number and the Biot number, and consequently, the solution can be represented in non-dimensional parameterized form as follows:
where the two Biot numbers are: 
Laplace transform solution
The methods used to obtain expressions for the wall temperature profile and room air temperature trajectory are presented. Several methods were considered to solve the problem. The first attempt was to divide the original equation into three subproblems because the problem was linear and the sub-problems were each simpler to solve. The solutions to these simpler problems can then be super-imposed to obtain the complete solution of the original problem (Myers, 2001 ).
The first sub-problem dealt with the weather conditions, the second one incorporated the initial condition, and the third one dealt with the auxiliary energy source. It seemed to be a very good approach, but unfortunately the attempt was seriously flawed because the second sub-problem was not a Sturm-Liouville eigenvalue problem.
Next, the Laplace transform approach was adopted, and proved to be successful although the inversion from the Laplace domain to the real time domain was extremely complicated due to higher order poles.
In this study, there exists a pole of order three at s 0, and the use of the Complex Inversion Theorem is extremely complicated and cumbersome. The
Laplace transform solution technique, however, is successfully applied to the problem under study, and the inversion from the Laplace domain to the time domain is accomplished using the Complex Inversion Theorem using Bromwich contour (Carslaw et al., 1959) .
The form of the wall temperature as a function of time is:
The form of the room air temperature as a function of time is:
where ηm is the m th root of the characteristic equation:
Results and discussion
The values of wall temperature and room air temperature calculated from the analytical solution are presented. Energy consumption loads are calculated for each house under varying weather conditions. Indoor comfort is discussed for an onoff controller and a proportional controller.
The weather conditions produce a forced response that is evaluated without any auxiliary energy source. Because these forcing functions are in the form of a Fourier series, the nature of the room air temperature (i.e. the forced response) is sinusoidal, as illustrated in Fig. 3 .
The heat wave penetration phenomenon is now examined further, as shown in Fig. 4 , which present temperature profiles plotted every 4 hours in time.
As the thermal wave penetrates the walls, the amplitude is seen to progressively diminish. House #1 again shows the largest temperature variation at x L, causing the largest room air temperature swing, Houses #2 and #4, which have high time delays, show the smallest temperature variation at x L. Houses #2 and #4 (masonry wall with insulation) maintain almost constant temperature.
Significant energy is stored in and released from the masonry walls. This serves to minimize the room air temperature fluctuations (Mazria, 1999) . It is interesting to note that the weather interacts with the inside air, evident from the variation in cycle rate over the day. Examining Fig. 5 , one observes that the interaction is primarily through the wall as opposed to through infiltration. This is evident because the cycling rate for house #3, Results are now presented for a proportional
controller The output of the auxiliary energy source in this case is proportional to the difference A high temperature swing is again observed in house #1. This swing increases as decreases.
However, no noticeable temperature swing is observed in house #4 even though Γ is small due to the high thermal mass. Table 5 shows all these comparisons. The comfort level increases as Γ increases, but this results in greater energy input.
Analytical study of house wall and air temperature transients under on-off and proportional control for different wall type 
Conclusions
The preceding work has led to the following conclusions: There is a significant wall mass effect on the thermal performance of a house in mild weather conditions. This effect is due to the thermal wave (due to ambient variability) penetrating the structure, and interacting in a non-linear fashion with the auxiliary energy system controller. This interaction has been observed to occur only when the thermal wave in the situation of free response causes the room air temperature to cross the dead band. 
